
x



y



z







Å



10−10



180◦



i



j



k



l



360◦



−180◦



0◦



±180◦



ijkl



β = 180◦



β = −180◦



dij =
√

(xi − xj)2 + (yi − yj)2 + (zi − zj)2



xi



yi



zi



xj



yj



zj



cosαijk =
(xi − xj)(xk − xj) + (yi − yj)(yk − yj) + (zi − zj)(zk − zj)

dijdjk



cosαijk =

−→
ji ◦

−→
jk

|−→ji ||
−→
jk|

=

−→
ji ◦

−→
jk

dijdjk



|−→ji |



|
−→
jk|



◦



a



b



a ◦ b = axbx + ayby + azbz



j − k



−→
ji



−→
kl



cosβijkl =

−→
ji◦

−→
kl

dijdkl
+ cosαijk cosαjkl

sinαijk sinαjkl



sinβijkl =
(
−→
ji ×

−→
kl) ◦

−→
jk

dijdjkdkl sinαijk sinαjkl



a× b =

 aybz − azby
−axbz + azbx
axby − aybx





cosβijkl =

−→
ki◦

−→
kl

dkldki
− cosαikj cosαlkj

sinαikj sinαlkj
=

cosαikl − cosαikj cosαlkj

sinαikj sinαlkj



sinβijkl =
(
−→
ki ×

−→
kl) ◦

−→
jk

dkidkjdkl sinαikj sinαlkj
= − (

−→
ki ×

−→
kl) ◦

−→
kj

dkidkjdkl sinαikj sinαlkj



xy



xz





dij



αijk



βijkl



1, 4



i = 2



j = 1



109, 47◦



k = 2



· · ·



120, 0◦



l = 3





dO1H2 = zH2 = 0, 96 Å



dO1H3 =
√
x2H3 + (−zH3)2 =

√
0, 9242202 + 0, 2403652 = 0, 955 Å



dO1H3 =
√

(xH3 − xO1)2 + (yH3 − yO1)2 + (zH3 − zO1)2 =



√
(0, 92422− 0)2 + (0− 0)2 + (−0, 240365− 0)2 = 0, 955 Å



cos(αH2O1H3 − 90◦) =
xH3

dO1H3
=

0, 924225

0, 955
= 0, 9677749



αH2O1H3 − 90◦ = 14, 58517 ⇒ αH2O1H3 = 104, 58◦



cosαH2O1H3 =
(xH2 − xO1)(xH3 − xO1) + (yH2 − yO1)(yH3 − yO1) + (zH2 − zO1)(zH3 − zO1)

dH2O1dO1H3
=



(0− 0)(0, 924220− 0) + (0− 0)(0− 0) + (0, 96− 0)(−0, 240365− 0)

0, 96× 0, 955
= −0, 2517 ⇒ α = 104, 5◦
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dO2O3 = 1, 48



dH1O2 =
√

(0− 0)2 + (−0, 895669− 0)2 + (−0, 316667− 0)2 = 0, 95 Å



dO2O3 =
√

(0− 0)2 + (0− 0)2 + (1, 48− 0)2 = 1, 48 Å



dO3H4 =
√

(0− 0, 895669)2 + (0− 0)2 + (1, 796667− 1, 48)2 = 0, 95 Å



cosαH1O2O3 =
(0− 0)(0− 0) + (−0, 895669− 0)(0− 0) + (−0, 316667− 0)(1, 48− 0)

0, 95× 1, 48
=



−0, 333334



αH1O2O3 = 109, 47◦



cosαH4O3O2 =
(0, 895669− 0)(0− 0) + (0− 0)(0− 0) + (1, 796667− 1, 48)(0− 1, 48)

0, 95× 1, 48
=



αH4O3O2 = 109, 47◦



yz



90◦



cosβH1O2O3H4 =

(xH1−xO2)(xH4−xO3)+(yH1−yO2)(yH4−yO3)+
(zH1−zO2)(zH4−zO3)

dH1O2dO3H4
− cosαH1O2O3 cosαO2O3H4

sinαH1O2O3 sinαO2O3H4
=



0,895669×0+(−0,895669−0)×0+(−0,316667−0)(1,796667−1,48)
0,95×0,95 + (−0, 333334)(−0, 333334)

0, 942809× 0, 942809
= 0



sinαH1O2O3 = sinαO2O3H4 =
√
1− (−0, 333334)2 = 0, 942809



−−−−→
O2H1×

−−−−→
O3H4 =

 (yH1 − yO2)(zH4 − zO3)− (zH1 − zO2)(yH4 − yO3)
−(xH1 − xO2)(zH4 − zO3) + (zH1 − zO2)(xH4 − xO3)
(xH1 − xO2)(yH4 − yO3)− (yH1 − yO2)(xH4 − xO3)

 =



(−0, 895669− 0)(1, 796667− 1, 48)− (−0, 316667− 0)(0− 0)
−(0− 0)(1, 796667− 1, 48) + (−0, 316667− 0)(0, 895669− 0)

(0− 0)(0− 0)− (−0, 895669− 0)(0, 895669− 0)

 =

−0, 283630
−0, 283630
0, 802223





sinβH1O2O3O4 =
(
−−−−→
O2H1×

−−−−→
O3H4) ◦

−−−→
O2O3

dH1O2dO3O3dO3H4 sinαH1O2O3 sinαO2O3O3
=



(−0, 283630× 0− 0, 283630× 0 + 0, 802223× 1, 48)

0, 95× 0, 95× 1, 48× 0, 942809× 0, 942809
= 1



βH1H2O3O4 = 90◦



(
−−−−→
O2H1×

−−−−→
O3H4) ◦

−−−→
O2O3





dP1Cl2 = dP1Cl3 = dP1Cl4 = 2, 02 Å



αCl2P1Cl3 = αCl2P1Cl4 = αCl3P1Cl4 = 90◦



βCl4P1Cl3Cl2 = −90◦





→



βCl4P1Cl2Cl3





cosα = 0



sinα = 1



cosβCl4P1Cl2Cl3 =

2,02×0+0×2,02+0×0
2,02×2,02 − 0× 0

1× 1
= 0



−−−−→
P1Cl3×

−−−−→
P1Cl4 =

 0× 0− 2, 02× 0
−2, 02× 0 + 0× 0
2, 02× 2, 02− 0× 0

 =

 0
0

4, 0804





(
−−−−→
P1Cl3×

−−−−→
P1Cl4) ◦

−−−−→
Cl2P1 = 0× 0 + 0× 0 + 4, 0804× (−2, 02) = −8, 242408 < 0



βCl2P1Cl3Cl4 = −90◦



2v



120◦





2



−xO(3) = b = 1, 5 sin 30◦ = 1, 5/2 = 0, 75 Å



yO(3) = a = 1, 5 cos 30◦ = 1, 5
√
3/2 = 1, 299 Å



3v





dH1N2 = 1, 031



dN2N3 = 1, 245



dN3Cl4 = 1, 728



αH1N2N3 = 120, 8◦



αN2N3Cl4 = 120, 7◦



βH1N2N3Cl4 = 0◦



2, 2′







−135◦



3) · · ·



3



−120◦





+
3 · · ·



−



2



xO2 = 1, 3



xO3 = xO4 = −0, 65



yO3 = −yO4 = 1, 1258



f ′(x) =
df

dx
= lim

h→0

f(x+ h)− f(x)

h
= lim

∆x→0

∆f

∆x



(x, f(x))



(x+ h, f(x+ h))



h



(x, x+ h)



(f(x), f(x+ h))



f(x)

f(x+h3)

f(x+h2)

f(x+h1)

x x+h3 x+h2 x+h1

f(
x)

x



[x]



x > 0



x = 0



x < 0



f(x) = |x|



C1



f(x+ h) = f(x) + f ′(x)h+
1

2
f ′′(x)h2 +

1

3!
f ′′′(x)h3 + . . .+

1

n!
f (n)(x)hn + . . .



=

∞∑
n=0

1

n!
f (n)(x)hn



f (0)(x)



f(
x)

x



f(
x)

x



f ′(x) = 0



0

minimum maksimum

f(x)

f’(x)

f(
x)

x



x∗



f ′(x∗) = 0



f(x) ≈ f(x∗) +
1

2
f ′′(x∗)(x− x∗)2



f ′′(x∗) > 0



f ′′(x∗) < 0



f ′(x) = 0, f ′′(x) > 0 : minimum



f ′(x) = 0, f ′′(x) < 0 : maksimum



f ′′(x∗) = 0



f(x, y)



(x, y, z)



f ′



df
dx



df
dy



∂f
∂x



∂f
∂y



f(x, y) = x2 + y − y2



∂f

∂x
= 2x



∂f

∂y
= 1− 2y



∂2f

∂x2
=

∂

∂x

(
∂f

∂x

)



∂2f

∂y∂x
=

∂

∂y

(
∂f

∂x

)



∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)



∂2f

∂y2
=

∂

∂y

(
∂f

∂y

)



∂2f
∂y∂x



∂2f

∂x∂y
=

∂2f

∂y∂x



∇f



gradf



n



x1, x2, . . . xn



∇f = gradf =


∂f
∂x1
∂f
∂x2

...
∂f
∂xn





H =


∂2f
∂x2

1

∂2f
∂x1∂x2

. . . ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x2

2
. . . ∂2f

∂x2∂xn

...
...

. . .
...

∂2f
∂xn∂x1

∂2f
∂xn∂x2

. . . ∂2f
∂x2

n





m



1 ≤ m < n



n−m





∂f(x∗1, x
∗
2, . . . x

∗
n)

∂x1
= 0,

∂f(x∗1, x
∗
2, . . . x

∗
n)

∂x2
= 0, . . . ,

∂f(x∗1, x
∗
2, . . . x

∗
n)

∂xn
= 0



(x∗, y∗)



f(x, y) ≈ f(x∗, y∗) +
1

2

[
∂f(x∗, y∗)

∂x2
(x− x∗)2 + 2

∂f(x∗, y∗)

∂x∂y
(x− x∗)(y − y∗)+



∂f(x∗, y∗)

∂y2
(y − y∗)2

]
= f(x,∗ , y∗) +

1

2
(x− x∗, y − y∗)H

(
x− x∗

y − y∗

)



zTHz



z



H



ξ



η



f(ξ, η) = f(0, 0) +
1

2

[
∂2f(0, 0)

∂ξ2
ξ2 +

∂2f(0, 0)

∂η2
η2
]



ξ, η





VTHV =

(
λ1 0
0 λ2

)



V



v1 ◦ v1 = v211 + v221 = 1



v1 ◦ v2 = v11v12 + v21v22 = 0



v2 ◦ v2 = v212 + v222 = 1



V =

(
ξx ηx
ξy ηy

)



λ1 =
∂2f

∂ξ2
, λ2 =

∂2f

∂η2



det(H− λI) =

∣∣∣∣∣∣∣∣∣∣∣

∂2f
∂x2

1
− λ ∂2f

∂x1∂x2
. . . ∂2f

∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x2

2
− λ . . . ∂2f

∂x2∂xn

...
...

. . .
...

∂2f
∂xn∂x1

∂2f
∂xn∂x2

. . . ∂2f
∂x2

n
− λ

∣∣∣∣∣∣∣∣∣∣∣
= 0



I



I =


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1





λ1 > 0, λ2 > 0, . . . λn > 0



λ1 < 0, λ2 > 0, . . . λn > 0



m > 1



λ1 < 0, λ2 < 0, . . . λm < 0



λm+1 > 0 . . . λn > 0



λ1 < 0, λ2 < 0, . . . λn < 0



n > 1



n = 1



d



E(d) = 815(d− 1, 09 Å)2



E′(d) = (815d2 − 2× 815× 1, 09d− 815× 1, 092)′



= 2× 815d− 2× 815× 1, 09 = 2× 815(d− 1, 09)



E(g(d)) = 815g(d)2, g(d) = d− 1, 09



E′(g(d)) = E′(g)g′(d) = 2× 815(g(d))× 1 = 2× 815(d− 1, 09)



E′(d∗) = 2× 815(d∗ − 1, 09) = 0 ⇒ d∗ = 1, 09



E′′(d∗) = (2× 815(d∗ − 1, 09))′ = 2× 815 > 0
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A−H · · ·A ⇀↽ A · · ·H−A



E(x) = a(x2 − b2)2 − c



a



b



c



a > 0



b ≥ 0





E′(x) = 2a(x2 − b2)× 2x = 0



x2 − b2 = 0 lub x = 0



x1 = −b, x2 = 0, x3 = b



x1



x2



x3



E′′(x) = 2a× 2x× 2x+ 2a(x2 − b2)× 2 = 4a(3x2 − b2)



E′′(−b) = 4a(3(−b)2 − b2) = 8ab2 > 0 (a > 0)



E′′(0) = 4a(0− b2) = −4ab2 < 0



E′′(b) = 4a(3b2 − b2) = 8ab2 > 0



E(x1) = E(x3) = −c



E(x2) = ab4 − c



∆E∗ = E(x2)− E(x1) = E(x3)− E(x1) = ab4



b = 0



a = 1



c = 0
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x[A]

a=1,b=1,c=0
a=1,b=0.7,c=0

a=1,b=0,c=0



ω



[−π, π]





E(ω) = 1, 2[1 + cosω] + 10[1− cos(2ω)]



E′(ω) = −1, 2 sinω + 2× 10 sin(2ω)



= −1, 2 sinω + 20 sin(2ω) = sinω(40 cosω − 1, 2)



sin(2ω) = 2 sinω cosω



sinω = 0



cosω = 1, 2/40 = 0, 03



[−180◦, 180◦]



ω1 = −π (−180◦), ω2 = −1, 5408 (−88, 28◦), ω3 = 0, ω4 = 1, 5408 (88, 28◦), ω5 = π (180◦)



E′′(ω) = −1, 2 cosω + 2× 20 cos(2ω)



= −1, 2 cosω + 40(2 cos2 ω − 1)



cos(2ω) = 2 cos2 ω − 1



E′′(−π) = E′′(π) = −1, 2(−1) + 40(2× (−1)2 − 1) = 41, 2 ⇒ minimum



E′′(−1, 5408) = E′′(1, 5408) = −1, 2× 0, 03 + 40(2× 0, 032 − 1) =



−39, 964 < 0 ⇒ maksimum



E′′(0) = −1, 2 + 40(2− 1) = 38, 8 > 0 ⇒ minimum



cosω2 = cosω4 = 0, 03



ω = 0



ω = π (180◦)



∆E = E(0)− E(π) = 2, 4



∆E∗ = E(1, 5408)− E(0) = 20, 018



cos(2ω)



ω[◦]



−180



−88, 28



88, 28



180



E(ω)



20, 018



2, 4
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A



B



x = dA···H



y = dB···H



E(x, y) = 2(x− y)2 − (x+ y − 3)2



∂E

∂x
= 2× 2(x− y)− 2(x+ y − 3) = 2x− 6y + 6



∂E

∂y
= −2× 2(x− y)− 2(x+ y − 3) = −6x+ 2y + 6



2x− 6y = −6



−6x+ 2y = −6



x∗ = 1, 5



y∗ = 1, 5



∂2E

∂x2
=
∂(2x− 6y + 6)

∂x
= 2



∂2E

∂y∂x
=
∂(2x− 6y + 6)

∂y
= −6



∂2E

∂x∂y
=
∂(−6x+ 2y + 6)

∂x
= −6



∂2E

∂y2
=
∂(−6x+ 2y + 6)

∂y
= 2



det(H− λI) =

∣∣∣∣2− λ 6
6 2− λ

∣∣∣∣ = 0



λ



(2− λ)2 − 36 = 0 ⇒ 2− λ = ±6



λ1 = −4



λ2 = 8
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∗



τ1



τ2



E(τ1, τ2) = cos(τ1 + τ2)− cos(τ1 − τ2)



∂E

∂τ1
= − sin(τ1 + τ2) + sin(τ1 − τ2) = 0



∂E

∂τ2
= − sin(τ1 + τ2)− sin(τ1 − τ2) = 0



−2 sin(τ1 + τ2) = 0 ⇒ τ1 + τ2 = kπ, k ∈ C



2 sin(τ1 − τ2) = 0 ⇒ τ1 − τ2 = mπ,m ∈ C



τ1 =
k +m

2



τ2 =
k −m

2



π (180◦)



π/2 (90◦)



τ1 = π



τ2 = π/2



(π/2, π/2)



(π/2,−π/2)



(0, 0)



−π



−π/2



π/2



π



∂2E

∂τ21
= − cos(τ1 + τ2) + cos(τ1 − τ2)

∂2E

∂τ2∂τ1
= − cos(τ1 + τ2)− cos(τ1 − τ2)



∂2E

∂τ1∂τ2
= − cos(τ1 + τ2)− cos(τ1 − τ2)

∂2E

∂τ22
= − cos(τ1 + τ2) + cos(τ1 − τ2)



τ1 = π/2



H =

(
− cosπ + cos 0 − cosπ − cos 0
− cosπ − cos 0 − cosπ + cos 0

)
=

(
2 0
0 2

)



(−π/2, π/2)



τ2 = −π/2



H =

(
− cos 0 + cosπ − cos 0− cosπ
− cos 0− cosπ − cos 0 + cosπ

)
=

(
−2 0
0 −2

)



(−π, π)



τ1 = 0



τ2 = 0



H =

(
− cos 0 + cos 0 − cos 0− cos 0
− cos 0− cos 0 − cos 0 + cos 0

)
=

(
0 −2
−2 0

)



det(H− λI) =

∣∣∣∣−λ −2
−2 −λ

∣∣∣∣ ⇒ λ2 = 4, λ1 = −2, λ2 = 2
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λ1



λ2



λ3



∆E = E2 − E1 = −260− (−210) = −50



∆E∗ = −200− (−210) = 10



α



E(α) = 47(α− 104, 5)2



α∗ = 104, 5◦



r∗



E(r) = 0, 02

[(
2, 3

r

)12

− 2

(
2, 3

r

)6
]



r∗ = 2, 3



E∗ = −0.02



C



D



E(r) =
C

r12
− D

r10



r∗ =
√

12C
10D



∗



n > m



r◦



E(r) = ϵ

[(
r◦

r

)n

− k

(
r◦

r

)m]



k = n/m



E∗ = −ϵ



τ



E(τ) = 3, 5[1 + cos(2τ)]



τ = ±π/2



τ = −π, 0, π



∆E∗ = 7



E(τ) = 1, 3[1 + cos(3τ)]



τ = −π,−π/3, π/3, π



τ = −2π/3, 0, 2π/3



A · · ·H



B · · ·H



E(x, y) = 2(x− y)2 + (x+ y − 3)2



(x∗ = 1, 5; y∗ = 1, 5)



(θ)



(τ)



E(θ, τ) = 50(θ − 120◦)2 + 2, 5[1 + cos(2τ)]



θ



[0◦, 180◦]



(θ = 120◦, τ = ±90◦)



(θ = 120◦, τ = −180◦, 0◦, 180◦)





E



×



E = 0, λ1 = 10, λ2 = 20, λ3 = 30



E = 15, λ1 = −5, λ2 = −4, λ3 = −4



E = 5, λ1 = −5, λ2 = 5, λ3 = 10



E = −8, λ1 = 10, λ2 = 10, λ3 = 20.





E = Es + Eb + Etor + Eel + Enb



Es



Eb



Etor



Eel



nb



3



Es =
∑

wia̧zania

1

2
kdi (di − d◦i )

2



di



d◦i



kdi



Eb =
∑
ka̧ty

walencyjne

1

2
kθi (θi − θ◦i )

2



θi



θ◦i



kθi



do / θo

E

d / θ



Etor =
∑
ka̧ty

torsyjne

Vi
2
[1± cos(niτi)]



τi



ni



Vi



τ = 0



n = 2



τ = ±90◦



τ = 0◦



 0

 0.5

 1

 1.5

 2

 2.5

-180 -120 -60  0  60  120  180

E
 [k

ca
l/m

ol
]

τ [deg]

V(τ)=1,3[1+cos(3τ)]



 0

 5

 10

 15

 20

-180 -90  0  90  180

E
 [k

ca
l/m

ol
]

τ [deg]

V(τ)=10,5[1-cos(2τ)]



 0

 2

 4

 6

-180 -90  0  90  180

E
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Eel =
∑
i

∑
j<i

j nie(sa̧siednio)zwia̧zany z i

332
qiqj
Drij



qi



qj



rij



0

E

r

ladunki jednoimienne
ladunki roznoimienne



Eel =
q1q2

4πϵ◦Dr



ϵ◦ = 8, 85419× 10−12



e = 1, 6022× 10−19



6, 022× 1023
(1, 6022× 10−19 C)2

4× 3, 14159× 8, 85419× 10−12 × F×m−1 × 10−10 m
= 1, 3894× 106 J



331, 9 ≈ 332



Enb =
∑
i

∑
j<i

j nie(sa̧siednio)zwia̧zany z i

εij

[(
r◦ij
rij

)12

− 2

(
r◦ij
rij

)6
]



r◦ij



εij



r◦ij = r◦i + r◦j



εij =
√
εiεj



-ε

0

ro

E

r

Potencjal Lennarda-Jonesa



ε



Enb



d◦OH = 0, 957



θ◦H−O−H = 104, 52◦



kd = 1106



kθ = 94



2





d1



d2



d2 =
√

0, 9264342 + 0, 2399372 = 0, 957 Å



cosα



sin(α− 90◦) =
0, 239937

0, 997
⇒ α = 104, 52◦



k = 94
kcal

mol× rad2
=

94(
180
π

)2 kcal

mol× deg2
= 0, 02864

kcal

mol× deg2



Es =
1106

2
(0, 957− 0, 957)2 +

1106

2
(0, 957− 0, 957)2 = 0

kcal

mol



Eb =
0, 02864

2
(104, 52− 104, 52)2 = 0

kcal

mol



EWAT1 = Es + Eb = 0
kcal

mol



d1 = 0, 975



d2



d2 =
√

0, 9672 + 0, 2504672 = 0, 9989 Å



cosα =
(xH1 − xO1)(xH2 − xO1) + (yH1 − yO1)(yH2 − yO1) + (zH1 − zO1)(zH2 − zO1)

d1d2
=



(0− 1)(0, 967092− 0) + (0− 0)(0− 0) + (−0, 250467− 1)(0, 957− 0)

0, 975× 0, 9989
=



−0, 25074 ⇒ α = 104, 52◦



Es = 553(0, 957− 0, 957)2 + 553(0, 9989− 0, 957)2 = 0, 97
kcal

mol



Eb = 0, 01432(104, 52− 104, 52)2 = 0
kcal

mol



EWAT2 = Es + Eb = 0, 97
kcal

mol



d1 = d2 = 0, 975



α = 100, 44◦



Es = 553(0, 957− 0, 957)2 + 553(0, 957− 0, 957)2 = 0
kcal

mol



Eb = 0, 01432(100, 44− 104, 52)2 = 0, 24
kcal

mol



EWAT3 = Es + Eb = 0, 24
kcal

mol



r = 3



qH = 0, 5



qCl = −0, 5



kd = 705



∆EA···B = EA···B − (EA + EB)



r◦HCl = r◦H + r◦Cl = 2, 5 + 0, 6 = 3, 1 Å



εHCl =
√
εHεCl =

√
0, 01× 0, 1 = 0, 032

kcal

mol



r◦HH = 2r◦H = 2× 0, 6 = 1, 2 Å



εHH = εH = 0, 01
kcal

mol



r◦ClCl = 2r◦Cl = 2× 2, 5 = 5, 0 Å



εClCl = εCl = 0, 1
kcal

mol



EA + EB = 0



∆E = Enb(H1 · · ·H2) + Eel(H1 · · ·H2) + Enb(H1 · · ·Cl2) + Eel(H1 · · ·Cl2)



+Enb(Cl1 · · ·H2) + Eel(Cl1 · · ·H2) + Enb(Cl1 · · ·Cl2) + Eel(Cl1 · · ·Cl2)



rH1H2 = 1, 3 + 3 = 4, 3



rH1Cl2 = 1, 3 + 3 + 1, 3 = 5, 6



rCl1H2 = 3



rCl1Cl2 = 3 + 1, 3 = 4, 3



Enb(H1 · · ·H2) = 0, 01

[(
1, 2

4, 3

)12

− 2

(
1, 2

4, 3

)6
]
= −0, 0000

kcal

mol



Enb(H1 · · ·Cl2) = 0, 032

[(
3, 1

5, 6

)12

− 2

(
3, 1

5, 6

)6
]
= −0, 0018

kcal

mol



Enb(Cl1 · · ·H2) = 0, 032

[(
3, 1

3

)12

− 2

(
3, 1

3

)6
]
= −0, 0305

kcal

mol



Enb(Cl1 · · ·Cl2) = 0, 1

[(
5

4, 3

)12

− 2

(
5

4, 3

)6
]
= 0, 1166

kcal

mol



Eel(H1 · · ·H2) = 332
0, 5× 0, 5

4, 3
= 19, 3023

kcal

mol



Eel(H1 · · ·Cl2) = 332
0, 5× (−0, 5)

5, 6
= −14, 8214

kcal

mol



Eel(Cl1 · · ·H2) = 332
(−0, 5)× 0, 5

3
= −27, 6667

kcal

mol



Eel(Cl1 · · ·Cl2) = 332
(−0, 5)× (−0, 5)

4, 3
= 19, 3023

kcal

mol



∆E = −3, 79



∆E = Es(Cl1−H2)+



Enb(H1 · · ·H2) + Eel(H1 · · ·H2) + Enb(H1 · · ·Cl2) + Eel(H1 · · ·Cl2)



dCl1−H1 = 1, 35



rH1H2 = 1, 35 + 3 = 4, 35



rH1Cl2 = 1, 35 + 3 + 1, 3 = 5, 65



r



Es(Cl1−H2) =
705

2
(1, 35− 1, 30)2 = 0, 8813

kcal

mol



Enb(H1 · · ·H2) = 0, 01

[(
1, 2

4, 35

)12

− 2

(
1, 2

4, 35

)6
]
= −0, 0000

kcal

mol



Enb(H1 · · ·Cl2) = 0, 032

[(
3, 1

5, 65

)12

− 2

(
3, 1

5, 65

)6
]
= −0, 0017

kcal

mol



Enb(Cl1 · · ·Cl2) = 0, 1

[(
5

4, 35

)12

− 2

(
5

4, 35

)6
]
= 0, 07060

kcal

mol



Eel(H1 · · ·H2) = 332
0, 5× 0, 5

4, 35
= 19, 0805

kcal

mol



Eel(H1 · · ·Cl2) = 332
0, 5× (−0, 5)

5, 65
= −14, 6903

kcal

mol



Eel(Cl1 · · ·Cl2) = 332
(−0, 5)× (−0, 5)

4, 35
= 19, 0805

kcal

mol



∆E = −3, 2153



MCl = 35, 5



MNa = 23



ρNaCl = 2, 16



3



Cl− = −1



Na+ = +1



+



−







Njon



njon



Njon = 2NNaCl = n3jon ⇒ njon = (2NNaCl)
1
3



r =
d

njon − 1
=

d

(2NNaCl)
1
3 − 1



d = 1 cm



NNaCl =
NA × ρ

MNaCl
=

6, 022× 1023 × 2, 16

23 + 35, 5
= 4, 4470× 1022



njon = (4, 4470× 1022)
1
3 = 3, 5429× 107



r =
1 cm

5, 5429× 107 − 1
= 2, 8226× 10−8 cm = 2, 8226 Å



∆E = 6(Enb + Eel) =



6

{
εNaCl

[(
r◦NaCl

r

)12

− 2

(
r◦NaCl

r

)6
]
− 332

r

}
=



6

{
0, 01732

[(
4, 4

2, 8226

)12

− 2

(
4, 4

2, 8226

)6
]
− 332

2, 8226

}
=



6(3, 0690− 117, 6221) = −687, 32
kcal

mol



d◦CO = 1, 25



kdCO = 1312



θ◦OCO = 120◦



kθOCO = 160



E = 6, 24



Es = 4, 92



Eb = 1, 32



ε = 0, 0203



r◦He···He = 2, 28



E = −0, 0014



≡



kd



d◦



∆E = −0, 38



D = 80



2



d◦ = 1, 16



kd = 1608





E = 12, 65



Es = 13, 02



Eel = −0, 07



Enb = −0, 30



D = 2, 24



D = 24, 5



r = 3, 30



dOH = 1, 0



εCa2+ = 0, 10



r◦Ca2+ = 1, 7



εO = 0, 20



r◦O = 1, 6



εH = 0, 02



r◦H = 1, 0



qO = −1, 1



qH = 0, 1



d◦OH = 0, 964



kOH = 1010



∆E = −7, 90



∆Es = 0, 65



∆Eel = −8, 40



∆Enb = −0, 15



r∗ ≈ 2, 57







ϕ



ψ





W = Fs



W



F



s



mgh



g



W = −∆Ep = Fs ⇒ F = −∆Ep

s



s = ∆x



∆x→ 0



Fx = lim
∆x→0

−∆Ep

∆x
= −∂Ep

∂x



F



F =

Fx

Fy

Fz

 = −


∂Ep

∂x
∂Ep

∂y
∂Ep

∂z

 = −∇Ep



x1, y1, z1, x2, y2, z2, . . . , xn, yn, zn



Fi = −


∂Ep

∂xi
∂Ep

∂yi
∂Ep

∂zi





E =

n∑
i=2

i−1∑
j=1

eij(rij)



Fxi
= − ∂E

∂xi
= −

n∑
j=1

j ̸=i

e′(rij)
∂rij
∂xi



rij =
√
(xj − xi)2 + (yj − yi)2 + (zj − zi)2



∂rij
∂xi

=
2(xj − xi)(−1)

2
√

(xj − xi)2 + (yj − yi)2 + (zj − zi)2
=
xi − xj
rij

= x̂ji



∇irij =

x̂jiŷji
ẑji

 = r̂ji



Fi = −
n∑

j=1

j ̸=i

e′(rij)r̂ji =
n∑

j=1

j ̸=i

fj→i



fj→i = −e′(rij)r̂ji



fj→i



fi→j



r̂ij



r̂ji





1
kcal

mol×
Å= 4186J

6,022×1023×10−10m = 6, 95× 10−11 N



τ = 180◦



εC = 0, 11



r◦C = 1, 8



εCl = 0, 53



r◦Cl = 1, 735



qC = 0, 18



qCl = −0, 06



V3/2 = 1, 6





E = Enb + Eel + Etor =

3∑
i=1

6∑
j=4

εClCl

[(
r◦ClCl

rCliClj

)12

− 2

(
r◦ClCl

rCliClj

)6
]



+

3∑
i=1

6∑
j=4

332
q2Cl

rCliClj

+
V3
2

[1 + cos(3τ)]



rCl1Cl4 = rCl2Cl5 = rCl3Cl6



rCl1Cl5 = rCl1Cl6 = rCl2Cl4 = rCl2Cl6 = rCl3Cl4 = rCl3Cl5



1 · · ·



4



2 · · ·



5



rCl1Cl4



rCl2Cl5



rCl1Cl4 = 2, 102667− (−0, 642667) = 2, 7453 Å



rCl1Cl5 =
√

(−0, 82460− 1, 649206)2 + 1, 4282542 + (2, 102667− (−0, 642667))2



= 3, 9619 Å



εClCl =
√
εClεCl = 0, 53 kcal/mol



r◦ClCl = r◦Cl + r◦Cl = 2× 1, 735 = 3, 47 Å



Enb = 3× Enb(Cl1 · · ·Cl4) + 6× Enb(Cl1 · · ·Cl5) =



3× 0, 53

[(
3, 47

2, 7453

)12

− 2

(
3, 47

2, 7453

)6
]
+



6× 0, 53

[(
3, 47

3, 9619

)12

− 2

(
3, 47

3, 9619

)6
]
= 3× 4, 4900 + 6(−0, 3705)



= 11, 2470 kcal/mol



Eel = 3× Eel(Cl1 · · ·Cl4) + 6× Eel(C1 · · ·Cl5) =



3× 332
(−0, 06)2

2, 7453
+ 6× 332

(−0, 06)2

3, 9619
=



3× 0, 4354 + 6× 0, 3017 = 3, 1164 kcal/mol



Etor = 1, 6[1 + cos(3× 0)] = 3, 2 kcal/mol



EI = 11, 2470 + 3, 1164 + 3, 2 = 17, 5634



rCl1Cl4 = 4, 29143



rCl2Cl5 = 3, 2026



Enb = 3(−0, 2549) + 6(−0.3276) = −2, 7276



Eel = 3× 0, 2785 + 6× 0, 3732 = 3, 0747



Etor = 1, 6[1 + cos(−3π)] = 0



EII = 0, 3471



∆E = EI − EII = 17, 5634− 0, 3471 = 17, 2163



∆E∗ = 10, 8



=



E(d) = 804(d− 1, 16Å)2



dO1=C2 = x



dC2=O3 = 2, 32− x



E(x) = EO1=C2 + EC2=O3 = 804(x− 1, 16)2 + 804(2, 32− x− 1, 16)2



= 1608(x− 1, 16)2



Fx = −∂E
∂x

= −2× 1608(x− 1, 16)



x = 0, 96



Fx(1, 16) = −3216(−0, 2) = 643, 2



643, 2× 6, 95× 10−11 = 4, 47× 10−8





FC2 = FO1→C2 + FO3→C2 = −e′C2O1(dC2O2)× 1− e′C2O3(dC2O3)× (−1) =



−[804(dC2O1 − 1, 16)2]′ + [804(dC2O3 − 1, 16)2]′ =



−1608[(dC2O1 − 1, 16)− (dC2O3 − 1, 16)] = −1608(−0, 2− 0, 2)



= 643, 2 kcal/mol/Å



−−−→
O1C2



−−−→
O3C2



εH = 0, 01



r◦H = 0, 6



εCl = 0, 10



r◦Cl = 2, 5



d◦HCl = 1, 3





FH2 = FCl1→H2 + FCl3→H2 = −e′H2Cl1(rH2Cl1)× 1− e′H2Cl3(rH2Cl3)× (−1) = e′H2Cl3



−e′H2Cl1 = 0



r̂Cl1H2



r̂Cl3H2



εHCl =
√
0, 1× 0, 01 = 0, 0316



r◦HCl = 0, 6 + 2, 5 = 3, 1



r = rH2Cl3



eH2Cl3 = enb + eel = 0, 0316

[(
3, 1

r

)12

− 2

(
3, 1

r

)6
]
+ 332

0, 2× (−1, 0)

r



rH2Cl3 = r



FH2 = −12× 0, 0316

r

[(
3, 1

r

)12

−
(
3, 1

r

)6
]
+ 332

0, 2

r2



r = 3, 0



FH2 = 7, 34



1, 63× 10−10





FNaCl



√
2FNaCl



Fel ∼
1

r2
, rNaNa = rClCl =

√
2rNaCl



FNa = FCl = (
√
2− 1

2 )FNaCl



τ = 90◦



Etor =
3, 35

2
[1 + cos τ ] +

3, 27

2
[1 + cos(2τ)]



qN = −0.3



qH = 0.3



εH = 0, 016



r◦O = 1, 9



EII − EI = 6, 90



d◦ = 1, 13



d = 1, 23



kCO = 1870



1, 87× 10−8



d◦CO = 1, 16



kCO = 1595



d◦C=S = 1, 56



kSC = 753



FO = 7, 975× 10−9



FC = −4, 45× 10−10



FS = −7, 53× 10−9



k = 1385



d◦ = 0, 92



εH = 0, 015



r◦H = 0, 60



εF = 0, 30



r◦F = 1, 90



8, 67× 10−10







E(x1, x2) =
1

2
k[(x2 − x1)− d◦]2



E = 0



k =
∂2E

∂x12
=
∂2E

∂x22



F1 = − ∂E

∂x1
= k(x2 − x1 − d◦)



F2 = − ∂E

∂x2
= −k(x2 − x1 − d◦) = −F1



m1a1 = m1
d2x1
dt2

= F1 = k(x2 − x1 − d◦)



m2a2 = m2
d2x2
dt2

= F2 = −k(x2 − x1 − d◦)



m1
d2x1
dt2

+m2
d2x2
dt2

= 0



xCM =
m1x1 +m2x2
m1 +m2



d2xCM

dt2
= 0



m1



m2



d2x2
dt2

− d2x1
dt2

= −k
(

1

m1
+

1

m2

)
(x2 − x1 − d◦)



ξ = x2 − x1 − d◦



d2ξ

dt2
= −k

µ
ξ



µ =

(
1

m1
+

1

m2

)−1

=
m1m2

m1 +m2



ξ(t) = A cos (ωt+ ϕ)



ω =

√
k

µ



-A

0

A

0

φ

T = 1/νξ(
t)

t



T



ν =
ω

2π
=

1

2π

√
k

µ



λ =
c

ν



ν =
1

λ
=

1

2πc

√
k

µ



−1



√
2



3n



W =


k11

m1

k12√
m1m2

. . .
k1,3n√
m1m3n

k21√
m2m1

k22

m2
. . .

k2,3n√
m2m3n

...
...

. . .
...

k3n,1√
m3nm1

k3n,2√
m3nm2

. . .
k3n,3n

m3n





r



W



M



kij



r =



x1
y1
z1
...
xn
yn
zn





M =



m1 0 0 . . . 0 0 0
0 m1 0 . . . 0 0 0
0 0 m1 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . m3n 0 0
0 0 0 . . . 0 m3n 0
0 0 0 . . . 0 0 m3n





kij =
∂2E

∂ri∂rj



W = M− 1
2KM− 1

2



K = H



λi = ω2
i



3n− 6



3n− 5



12



16



18, 7× 105



k = 18, 7× 105
dyn

cm
= 18, 7× 105 × 10−5 N

10−2 m
= 1870

N

m



µ =
16× 12

16 + 12
= 6, 8571

g

mol
=

6, 8571× 10−3 kg

6, 022× 1023
= 1, 1387× 10−26 kg



ν =
1

2π

√
k

µ
=

1

6, 28318

√
18, 7× 102

1, 1387× 10−26
= 6, 4497× 1013 s−1 = 6, 4497× 1013 Hz



ν



ν =
ν

c
=

6, 4497× 1013

3× 108
= 2, 15× 105 m−1 = 2150 cm−1



ν = 2270 cm−1 = 2, 27× 105 m−1



µ =
1× 127

1 + 127
= 0, 9922

g

mol
= 1, 6476× 10−27 kg



(2πc)2µ



ν =
1

2πc

√
k

µ



k = (2πcν)2µ



µ



k = (6, 28318× 3× 108 × 2, 27× 105)2 × 1, 6476× 10−27 = 301
N

m



1



ν1HBr

ν2HBr
=

1
2πc

√
k

µ1HBr

1
2πc

√
k

µ2HBr

=

√
µ2HBr

µ1HBr



µ1HBr =
1× 79

1 + 79
=

79

80
= 0, 9875

g

mol



µ2HBr =
2× 79

2 + 79
=

158

81
= 1, 9506

g

mol



ν1HBr

ν2HBr
=

√
µ2HBr

µ1HBr
=

√
1, 9506

0, 9875
= 1, 41



3−



ν = 1986, 5



x1 < x2 < x3



E =
1

2
k[(x2 − x1)− d◦]2 +

1

2
k[(x3 − x2)− d◦]2



1



F1 = − ∂E

∂x1
= k[(x2 − x1)− d◦]



F2 = − ∂E

∂x2
= −k(x2 − x1) + k(x3 − x2) = k(x1 − 2x2 + x3)



F3 = − ∂E

∂x3
= −k[(x3 − x2)− d◦]



m
d2x1
dt2

= k(−x1 + x2 − d◦)



m
d2x2
dt2

= k(x1 − 2x2 + x3)



m
d2x3
dt2

= k(x2 − x3 + d◦)



m
d2(x1 + x2 + x3)

dt2
= 0



m
d2(x3 − x1 − 2d◦)

dt2
= −k(x3 − x1 − 2d◦) ⇒ d2(x3 − x1 − 2d◦)

dt2
= − k

m
(x3 − x1 − 2d◦)



ωs =
√

k
m



2d◦



m
d2(x1 − 2x2 + x3)

dt2
= −3k(x1 − 2x2 + x3) ⇒
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= −3k

m
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ξ = x1 − 2x2 + x3



ωa =
√

3k
m





k = (2πcν)2(m/3) = (6, 28318× 3× 108 × 1, 9865× 105)2
14× 10−3/3

6, 022× 1023



= 1087
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m 2 k
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m
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m
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m
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(1− λ′)[(2− λ′)(1− λ′)− 1] + 1(−(1− λ′)) = (1− λ′)[(2− λ′)(1− λ′)− 2]
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′
2, λ

′
3



v11 − v21 = 0
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√
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√
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
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k = 3, 62× 105



127



19



ν = 609



14



k = 15, 7× 105



λ = 5297



k = 1160



35



ν1H35Cl = 2938



n



νnH35Cl = 1743



n = 3



18



6× 6



mX



mY



kCO = 1602



ν = 2300



νsym = 1
2πc

√
k

mX



νanti =
1

2πc

√
kmY +2mX

mY mX



. . .



Z



Ei



Pi ∼ exp

(
− Ei

kBT

)



kB = 1, 3806× 10−23



R = 8, 3145



Pi ∼ exp

(
− Ei

RT

)



NA = 6, 02214× 1023



Pi =
exp

(
− Ei

RT

)
Q



Q =

Z∑
j=1

exp

(
− Ej

kBT

)



gi



Pi =
gi exp

(
− Ei

kBT

)
Q



Q =

Z∑
j=1

gj exp

(
− Ej

kBT

)



P (x,p)dnxdnp =
exp

(
−E(x,p)

kBT

)
dnxdnp

Q



Q =

∞∫
−∞

· · ·
∞∫

−∞

exp

(
−E(x,p)

kBT

)
dnxdnp



P (E)dE =
Ω(E) exp

(
− E

kBT

)
dE

Q



Q =

∞∫
−∞

Ω(E) exp

(
− E

kBT

)
dE



Ω(E)



PII

PI
=
gII exp

(
− EII

kBT

)
gI exp

(
− EI

kBT

) =
gII
gI

exp

(
−EII − EI

kBT

)
=
gII
gI

exp

(
− ∆E

kBT

)



∆S = kB ln
gII
gI



∆F = ∆E − T∆S



PII

PI
= exp

(
− ∆F

kBT

)
= KI→II



R



kB



T = 298



xenol
xketon

= exp

(
−Eenol − Eketon

RT

)
= exp

(
−∆E

RT

)



∆E



∆E = 1, 2× 4184 = 5023, 2



xenol/xketon = 0, 1317



xketon = 1− xenol



xenol
1− xenol

= 0, 1317



xenol =
0, 1317

1 + 0, 1317
= 0, 1163 ≈ 11, 6 %





nzw



zw



∆E = Ezw − Enzw



tzw



tnzw



Pzw

Pnzw
=

tzw
tnzw

=
368

632
= exp

(
−∆F

RT

)



∆F = −RT ln

(
tzw
tnzw

)
= −8, 3145× 298 ln 0, 5823 = 1340

J

mol
= 0, 32

kcal

mol





xo



xm



xp



∆Eo−p = Eo − Ep



∆Em−p = Em − Ep



xo
xp

=
go
gp

exp

(
−∆Eo−p

RT

)



∆Eo−p = −RT ln
gpxo
goxp

= −8, 3145× 298× ln
1× 0, 3

2× 0, 69
= 3806

J

mol
= 0, 91

kcal

mol



∆Em−p = −RT ln
gpxm
gmxp

= −8, 3145× 298× ln
1× 0, 01

2× 0, 69
= 12290

J

mol
= 2, 94

kcal

mol



∆Em−o = ∆Em−p −∆Eo−p = 2, 94− 0, 91 = 2, 01
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Ek =
1

2
m
(
v2x + v2y + v2z

)
=

1

2
mv2



v =
√
v2x + v2y + v2z



v + dv



dv



N(v)



N(v + dv)



dN = N(v + dv)−N(v)





g(v) = 4πv2dv
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Q
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Q = 4π

∞∫
0

v2 exp

(
− mv2

2kBT

)
dv



∞∫
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√
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√
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Q =
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2πkBT

m

)3



P (v)dv = 4π

(
m
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) 3
2

v2 exp

(
− mv2

2kBT

)
dv
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t = 20◦C



xAQ(II) = 0, 59



gI



t = 30◦



xAK(I) = 0, 80



t
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gt



t = 25◦



xg
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Et



Eg



xt(T ) =
1
2 exp
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−∆E
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2 exp
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∆E = 21
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g1
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√
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+
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H = U + pV



F = U − TS



G = H − TS



(
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)
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)
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)
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U ≡ ⟨E⟩ = 1

Q

Z∑
i=1

giϵi exp
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− ϵi
kBT

)



p =
1

Q
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−gi
∂ϵi
∂V
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(
− ϵi
kBT

)



ϵi



Q = Q(N,V, T ) =

Z∑
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gi exp

(
− ϵi
kBT
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U = kBT
2

(
∂ lnQ

∂T

)
N,V



F = −kBT lnQ



µ = −
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∂F

∂N

)
V

= −kBT
(
∂ lnQ

∂N

)
V,T



S = kBT

(
∂ lnQ

∂T

)
N,V

+ kB lnQ =
U

T
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p = kBT
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)
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lnQ
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aN2

V 2

)(
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= kBT
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∂T 2

)
V

= 0



(
∂CV
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)
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Q =

3∑
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gi exp
(
− ϵi
RT

)



= 1× exp

(
− 0× 4184

8, 3145× 298

)
+ 3× exp

(
− 1× 4184

8, 3145× 298

)
+ 5× exp

(
− 3× 4184

8, 3145× 298

)



Q = 1 + 0, 5543 + 0, 0315 = 1, 5858



F = −RT lnQ = −8, 3145× 298× ln 1, 5858 = −1142, 44 J/mol = −0, 27 kcal/mol



E =
1

Q

3∑
i=1

giϵi exp
(
− ϵi
RT

)
=



1

1, 5858

[
1× 0× exp

(
− 0× 4184

8, 3145× 298

)
+ 3× 1× exp

(
− 1× 4184

8, 3145× 298

)



+5× 3× exp

(
− 3× 4184

8, 3145× 298

)]
=



0 + 0, 5543 + 0, 0945

1, 5858
=

0, 6488

1, 5858
= 0, 41 kcal/mol



Q =
1
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(
2πmkBT
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2

V N



N ! ≈ NNe−N =
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e

)N



Q =
( e
N

)N (2πmkBT
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) 3N
2

V N



lnQ = ln
( e
N

)N
+ ln

(
2πmkBT
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) 3N
2

+ lnV N =



N ln
( e
N

)
+

3N

2
ln

(
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)
+N lnV =



N

[
3

2
ln

(
2πmkB
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)
+ 1 + lnT + lnV − lnN

]



F = −kBT lnQ = −kBTN
[
3

2
lnT +

3

2
ln

(
2πmkB
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)
+ 1 + lnV − lnN
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= −NkBT
[
3

2
ln

(
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)
+ 1 +

3

2
lnT

]
+NkBT ln

N
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E = kBT
2

(
∂ lnQ

∂T
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= kBT

2

(
∂

∂T

3

2
N lnT
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= kBT

2 3N

2T
=

3

2
NkBT



p = kBT

(
∂ lnQ
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p = kBT

(
∂

∂V
N lnV

)



p = kBT
N

V



pV = NkBT



N = nNA



kB = R/NA



pV = nRT



µ =
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∂N
=

∂

∂N

(
−NkBT

(
3
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ln
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)
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2
lnT

)
+ 1 +

∂
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[NkBT (lnN − lnV )]
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(
3

2
ln

(
2πmkB
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)
+ 1 +

3

2
lnT

)
+N [kBT lnN + kBT (lnN + 1)]− kBT lnV



= −3

2
kBT ln

(
2πmkBT
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)
+ kBT ln

N

V



µ◦(T ) = −3

2
kBT ln

(
2πmkBT

h2

)



C =
N

V



µ = µ◦(T ) + kBT lnC



V1



V2



W = ∆F = −nRT ln
V2
V1



ϵ > 0



T ∗ = RT/ϵ



g > 1



3



g = 1



g = 5



∆ϵ = ϵw − ϵn = 5, 8



t = 90◦



E = 39, 03



F = −4, 86



S = 0, 1209
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2
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V e

N
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Q =
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e
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U =
Nhν

2
+

Nhν

e
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∆



ν



Θosc = hν/kB



ϵn = hν

(
n+

1

2

)
, n = 0, 1, 2, ...



Q =
exp

(
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−Θv

2T
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1− exp

(
−Θv

T
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E =
hν

2
+
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(

hν
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)
− 1

=
kBΘv

2
+

kBΘν
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(
Θν

T

)
− 1
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σx



x =
1

n

n∑
i=1

xi σx =

√√√√ 1

n− 1

n∑
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(xi − x)
2
=

√√√√√ 1
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n n∑
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(
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σ2
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σx =
σx√
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σ2
E =

1

Q

Z∑
i=1

gi(ϵi − E)2 exp

(
− ϵi
kBT

)



=
1

Q

Z∑
i=1

giϵ
2
i exp

(
− ϵi
kBT

)
−

[
1

Q

Z∑
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(
− ϵi
kBT
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2 ∂E
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1

kBT 2
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E



(σN
N
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=

(
σp
p
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=
kbTκ
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κ = − 1

V

(
∂V

∂p

)



= 1× exp

(
− 0× 4184

8, 3145× 298

)
+ 3× exp

(
− 1× 4184

8, 3145× 298

)



+5× exp

(
− 3× 4184

8, 3145× 298

)
1 + 0, 5543 + 0, 0315 = 1, 5858



1

1, 5858

[
1× 0× exp

(
− 0× 4184

8, 3145× 298

)
+ 3× 1× exp

(
− 1× 4184

8, 3145× 298

)



0 + 0, 5543 + 0, 0946

1, 5858
=

0, 6488

1, 5858
= 0, 4092 kcal/mol



E2 =
1

Q

3∑
i=1

giϵ
2
i exp

(
− ϵi
RT

)
=



0 + 0, 5543 + 0, 2835

1, 5858
= 0, 5283 (kcal/mol)2



σ2
E = E2 − E

2
= 0, 5283− 0, 40922 = 0, 3609 (kcal/mol)2



CV =
σ2
E

RT 2
=

0, 3609

1, 9872× 10−3 × 2982
= 2, 05× 10−3 kcal/(mol×K)
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Q =
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)



Θν =
hν

kB



qν



qν =
exp

(
−Θν

2T

)
1− exp

(
−Θν

T

)



Pn =

exp

[
−Θν(n+ 1

2 )
T

]
qν

=

[
1− exp

(
−Θν

T

)]
exp

(
−nΘν

T

)



J



ϵJ =
h2

8π2I
J(J + 1) = BJ(J + 1), J = 0, 1, 2 . . .



B =
h2

8π2I



I = µd2



µ =
m1m2

m1 +m2



I



B



2J + 1



qr =
∞∑

J=0

(2J + 1) exp

[
−BJ(J + 1)

kBT

]



qr =
T

Θr



Θr =
h2

8π2IkB



Θr



PJ =
(2J + 1) exp

[
−Θr

T J(J + 1)
]

qr



Q =

[
2π(m1 +m2)kBT

h2

] 3N
2
(
V e

N

)N

×
(
T

Θr

)N

×



×
exp

(
−NΘν

2T

)[
1− exp

(
−Θν

T

)]N × ωe◦ exp

(
NDe

kBT

)
× [(2S1 + 1)(2S2 + 1)]N



S1



S2



D◦ = De −
1

2
hν



Q =

[
2π(m1 +m2)kBT

h2

] 3N
2
(
V e

N

)N

×
(
T

Θr

)N

×
[
1− exp

(
−Θν

T

)]−N

×



ωe◦ exp

(
ND◦

kBT

)
× [(2S1 + 1)(2S2 + 1)]N



−D◦



1
2hν



De



D◦



De −D◦ = 1, 3





U =
5

2
NkBT +

Nhν

2
+

Nhν

exp
(

hν
kBT

)
− 1

−NDe



=
5

2
NkBT +

Nhν

exp
(

hν
kBT

)
− 1

−ND◦ =
5

2
NkBT +

NkBΘν

exp
(
Θν

T

)
− 1

−ND◦



CV =
5

2
NkB +NkB

(
hν

kBT

)2 exp
(

hν
kBT

)
[
exp

(
hν
kBT

)
− 1
]2 =



5

2
NkB +NkB

(
Θν

T

)2 exp
(
Θν

T

)[
exp

(
Θν

T

)
− 1
]2



5
2kBT



5
2kB



3
2kBT



2
2kBT



3
2kB



2
2kB



1
2kBT



1
2kB



∆ϵ = 0, 05



3P3/2



2P1/2



ω◦ = 4



ω1 = 2



T = 400



0, 05× 96590, 5 = 4830



qel



qel = 4 + 2 exp

(
− 4830

8, 3145× 298

)
= 4 + 2× 0, 14235 = 4, 2847



P1 =
0, 2847

4, 2847
= 0, 066 = 6, 6 %



qel = 4 + 2 exp

(
− 4830

8, 3145× 400

)
= 4 + 2× 0, 2340 = 4, 4680



P1 =
0, 4680

4, 4680
= 0, 105 = 10, 5 %



Ut =
3

2
nRT =

3

2
× 1× 8, 3145× 400 = 4989 J



CV t =
3

2
nR =

3

2
× 1× 8, 3145 = 12, 47 J/K



Ue = n
∆ϵ1ω1 exp

(
−∆ϵ1

RT

)
qe

= 1× 4830× 2× 0, 2340

4, 4680
= 506 J



CV e = n
∆ϵ21ω◦ω1 exp

(
−∆ϵ1

RT

)
RT 2q2e

= 1× 48302 × 4× 2× 0, 2340

8, 3145× 4002 × 4, 46802
= 1, 64 J/K



U = Ut + Ue = 4989 + 506 = 5495 J = 1, 31 kcal



CV = CV t + CV e = 12, 47 + 1, 64 = 14, 11 J/K = 3, 37 cal/K



1



µ =
m1 ×m2

m1 +m2
=

1× 35

1 + 35
=

35

36
= 0, 9722 g/mol = 1, 6145× 10−27 kg



ν =
1

2π

√
k

µ
=

1

2× 3, 14159

√
490

1, 6145× 10−27
= 8, 7680× 1013 1/s



I = µd2 = 1, 6145× 10−27 ×
(
1, 29× 10−10

)2
= 2, 6867× 10−47 kg ×m2



Θν =
hν

kB
=

6, 63× 10−34 × 8, 7680× 1013

1, 38× 10−23
= 4212, 4 K



Θr =
h2

8π2IkB
=

(
6, 63× 10−34

)2
8× 3, 141592 × 2, 6867× 10−47 × 1, 38× 10−23

= 15 K



n > 0



J = 1



J > 0



Θν



Θrot



Pn =
exp

[(
−Θν

T

) (
n+ 1

2

)]
qν



qν =
exp

(
−Θν

2T

)
1− exp

(
−Θν

T

)



Pn =
exp

[(
−Θν

T

) (
n+ 1

2

)]
exp(−Θν

2T )
1−exp(−Θν

T )

= exp

(
−nΘν

T

)[
1− exp

(
−Θν

T

)]



P1 = exp

(
−1× 4212, 4

298

)[
1− exp

(
−4212, 4

298

)]
= 7× 10−7



n = 0



Pn>0 = 1− P0 = 1− exp

(
−0×Θν

T

)[
1− exp

(
−Θν

T

)]
= exp

(
−Θν

T

)



= exp

(
−4212, 4

298

)
= 7× 10−7



PJ =
exp

[(
−Θrot

T

)
(J + 1) J

]
(2J + 1)

qrot



qrot ≈
T

Θrot
=

298

15
= 19, 8667



P1 =
exp

[(
− 15

298

)
(1 + 1) 1

]
(2× 1 + 1)

19, 8667
=

2, 7127

19, 8667
= 0, 14



PJ>0 = 1− P0 = 1− (2× 0 + 1)
exp

[
−Θr

T 0(0 + 1)
]

qr
≈ 1− Θr

T
=
T −Θr

T



PJ>0 =
298− 15

298
= 0, 95



T >> Θr



t = 1330◦



ω◦ = 2



2S1/2



ω1 = 2



∆ϵ1 = 1, 85



2P1/2



ω2 = 4



∆ϵ2 = 1, 85



2P3/2



x1 = P1 = 1, 5× 10−6



x2 = P2 = 3, 0× 10−6



T = 2000



ω0 = 1



3P0



ω1 = 3



∆ϵ1 = 20, 2



3D1



U = 26, 488



Ue = 1, 544



CV = 16, 32



CV e = 3, 85



dHH



k = 550



dNO



k = 1570



37



dClCl



k = 320



ν1H2H = 1, 1218× 1014



I1H2H = 6, 0624× 10−48kg ×m2



Θ
1H2H
ν = 5386, 4



Θ
1H2H
r = 66, 5



νNO = 5, 6634× 1013



INO = 1, 6398× 10−46



ΘNO
ν = 2719, 3



ΘNO
r = 2, 45



ν35Cl37Cl = 1, 6474× 1013



I35Cl37Cl = 1, 1828× 10−45kg ×m2



Θ
35Cl37Cl
ν = 791, 0



Θ
35Cl37Cl
r = 0, 34



ΘH2
ν



ΘH2
r



ΘCl2
ν



ΘCl2
r



ΘHCl
ν



ΘHCl
r



ΘCl2
r < ΘHCl

r < ΘH2
r < ΘCl2

ν < ΘHCl
ν < ΘH2

ν



T = 404



P (n = 1) = 0, 12



P (n > 0) = 0, 14



P (J = 1) = 0, 0025



P (J > 0) = 0, 9992



T = Θr



T = 2Θr



T = 10Θr



q = T/Θr



T = Θr



qr = 1, 42



qr ≈ 1



T = 2Θr



qr = 2, 37



qr ≈ 2



T = 10Θr



qr = 10, 34



qr ≈ 10



q =
∑
ijklm

exp

(
−ϵijklm
kBT

)



q = qtqrqνqeqn



q = qtqrnqνqe



qrn



(S + 1)(2S + 1)



S(2S + 1)



qrn =



S(2S + 1)
∑

J
parzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]
+

(S + 1)(2S + 1)
∑

J
nieparzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]
S niecalkowita

(S + 1)(2S + 1)
∑

J
parzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]
+

S(2S + 1)
∑

J
nieparzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]
S calkowita



∑
J

parzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]
≈

∑
J

nieparzyste

(2J + 1) exp

[
−J(J + 1)Θr

T

]



≈ 1

2

∑
wszystkie J

(2J + 1) exp

[
−J(J + 1)Θr

T

]



qrn ≈ [S(2S + 1) + (S + 1)(2S + 1)]
1

2

∑
J

(2J + 1) exp

[
−J(J + 1)Θr

T

]
=



(2S + 1)2
T

2Θr
= qn

T

σΘr
= qnqr



qn = (2S + 1)2



σ = 2



qr = T
σΘr



Q =

[
2π(m1 +m2)kBT

h2

] 3N
2
(
V e

N

)N

×
(

T

σΘr

)N

×



exp
(
−NΘν

2T

)[
1− exp

(
−Θν

T

)]N × ωN
e◦ exp

(
NDe

kBT

)
=



[
2π(m1 +m2)kBT

h2

] 3N
2
(
V e

N

)N

×
(

T

σΘr

)N

×
[
1− exp

(
−Θν

T

)]−N

×



ωN
e◦ exp

(
ND◦

kBT

)



Θν



D◦ = De − 1
2hν



=
5

2
NkBT +

Nhν

exp
(

hν
kBT

)
− 1

−ND◦ =
5

2
NkBT +

NkBΘν

exp
(
Θν

T

)
− 1

−ND◦



CV =
5

2
NkB +

N (hν)
2
exp

(
hν
kBT

)
kBT 2

[
exp

(
hν
kBT

)
− 1
]2 =

5

2
NkB +NkB

(
Θν

T

)2 exp
(
Θν

T

)[
exp

(
Θν

T

)
− 1
]2



qν =

α∏
i=1

exp
(
− hνi

2kBT

)
1− exp

(
− hνi

kBT

)



α = 3n− 5



α = 3n− 6



I =

n∑
i=1

mi (xi − xCM )
2



xCM =

n∑
i=1

mixi

n∑
i=1

mi



mi



I =


n∑

i=1

r2i − (xi − xCM )
2

n∑
i=1

(xi − xCM ) (yi − yCM )
n∑

i=1

(xi − xCM ) (zi − zCM )

n∑
i=1

(yi − yCM ) (xi − xCM )
n∑

i=1

r2i − (yi − yCM )
2

n∑
i=1

(yi − yCM ) (zi − zCM )

n∑
i=1

(zi − zCM ) (xi − xCM )
n∑

i=1

(zi − zCM ) (yi − yCM )
n∑

i=1

r2i − (zi − zCM )
2

 =



(
VA VB VC

)IA IB
IC

(VA VB VC

)T



xCM



yCM



zCM



ri



IA



IB



IC



VA



VB



VC



xCM =

n∑
i=1

mixi

m
, yCM =

n∑
i=1

miyi

m
, zCM =

n∑
i=1

mizi

m



ri =

√
(xi − xCM )

2
+ (yi − yCM )

2
+ (zi − zCM )

2



m =

n∑
i=1

mi





qr =

√
π

σ

√
8π2IAkBT

h2

√
8π2IBkBT

h2

√
8π2ICkBT

h2
=

√
π

σ

√
T 3

ΘAΘBΘC



ΘA



ΘB



ΘC



ΘX =
8π2IXkB

h2



X



Q =

(
2πmkBT

h2

) 3N
2
(
V e

N

)N

×
(

T

σΘr

)N

×



[
3n−5∏
i=1

exp
(
−Θνi

2T

)
1− exp

(
−Θνi

T

)]N × ωN
e◦ exp

(
NDe

kBT

)
=



(
2πmkBT

h2

) 3N
2
(
V e

N

)N

×
(

T

σΘr

)N

×

{
3n−5∏
i=1

[
1− exp

(
−Θνi

T

)]}−N

×



Q =

(
2πmkBT

h2

) 3N
2
(
V e

N

)N

×
(√

π

σ

)N (
T 3

ΘAΘBΘC

)N
2

×



[
3n−6∏
i=1

exp
(
−Θνi

2T

)
1− exp

(
−Θνi

T

)]N × ωN
e◦ exp

(
NDe

kBT

)
=



(
2πmkBT

h2

) 3N
2
(
V e

N

)N

×
(√

π

σ

)N (
T 3

ΘAΘBΘC

)N
2

×



{
3n−6∏
i=1

[
1− exp

(
−Θνi

T

)]}−N

× ωN
e◦ exp

(
ND◦

kBT

)



f = 5



f = 6



α = 3n− f



f



k = 5



k = 6



U =
f

2
NkBT +

Nhν

2
+N

α∑
i=1

hνi

exp
(

hνi

kBT

)
− 1

−NDe



=
f

2
NkBT +N

α∑
i=1

hνi

exp
(

hνi

kBT

)
− 1

−ND◦



=
f

2
NkBT +

α∑
i=1

Θνi

exp
(
Θνi

T

)
− 1

−ND◦



CV =
f

2
NkB +N

α∑
i=1

(hνi)
2
exp

(
hνi

kBT

)
kBT 2

[
exp

(
hνi

kBT

)
− 1
]2



=
f

2
NkB +NkB

α∑
i=1

(
Θνi

T

)2 exp
(
Θνi

T

)[
exp

(
Θνi

T

)
− 1
]2



ν = 214



D◦ = 35, 6



R = NAkB



E =

translacyjny︷ ︸︸ ︷
3n

2
RT +

rotacyjny︷ ︸︸ ︷
nRT +

oscylacyjny︷ ︸︸ ︷
1

2
nRΘν +

nRΘν

exp Θν

T − 1
+

elektronowy︷ ︸︸ ︷
−nDe



Θν =
hν

kB
=
hcν

kB
=

6, 626× 10−34 × 3× 108 × 2, 14× 104

1, 381× 10−23
= 308, 0 K



De = D◦ +
1

2
RΘν = 35, 6× 4184 +

1

2
× 8, 3145× 308, 0 = 150231 J/mol



Et = 1× 1, 5× 8, 3145× 400 = 4989 J = 5, 0 kJ



Er = 1× 8, 3145× 400 = 3326 J = 3, 3 kJ



Eν = 1× 0, 5× 8, 3145× 308, 0 +
8, 3145× 308, 0

exp
(
308,0
400

)
− 1

= 3489 J = 3, 5 kJ



Ee = −1× 150231 = −150231 J = −150, 1 kJ



E = Et + Er + Eν + Ee = 4989 + 3326 + 3489− 150231 =



−138427 J = −138, 4 kJ = −33, 1 kcal



CV =

translacyjny︷ ︸︸ ︷
3n

2
R +

rotacyjny︷︸︸︷
nR +

oscylacyjny︷ ︸︸ ︷
nR

(
Θν

T

)2 exp
(
Θν

T

)(
exp

(
Θν

T

)
− 1
)2



CV t = 1× 1, 5× 8, 3145 = 12, 47 J/K



CV r = 1× 8, 3145 = 8, 31 J/K



CV ν = 1× 8, 3145

(
308, 0

400

)2 exp
(
308,0
400

)[
exp

(
308,0
400

)
− 1
]2 = 7, 92 J/K



CV = CV t + CV r + CV ν = 12, 47 + 8, 31 + 7, 92 = 28, 70 J/K



Θν1 = Θν2 = 310



Θν3 = Θν4 = Θν5 = 450



Θν6 = 660



Θν7 = Θν8 = Θν9 = 1120



D◦ = 308, 8



Et = Er =
3

2
RT = 1, 5× 8, 3145× 500 = 6236 J = 6, 2 kJ



Eν =
R

2

9∑
i=1

Θνi +R

9∑
i=1

Θνi

exp
(
Θνi

T

)
− 1

=



8, 3145

2
(2× 310 + 3× 450 + 660 + 3× 1120)+



R×
(
2× 310

exp
(
310
500

)
− 1

+ 3× 450

exp
(
450
500

)
− 1

+



660

exp
(
660
500

)
− 1

+ 3× 1120

exp
(
1120
500

)
− 1

)
= 24902 + 19021 = 43923 J = 4, 4 kJ



Ee = −D◦ −
R

2

9∑
i=1

Θνi = −308, 8× 4184− 24902 = −1316921 J = −1316, 9 kJ =



−314, 8 kcal



E = Et + Er + Eν + Ee = 6236 + 6236 + 43923− 1316921 =



−1260526 J = −1260, 5 kJ = −301, 3 kcal



CV t = CV r =
3

2
R = 1, 5× 8, 3145 = 12, 47 J/K



CV ν = R

9∑
i=1

(
Θνi

T

)2 exp
(
Θνi

T

)[
exp

(
Θνi

T

)
− 1
]2 =



8, 3145

{
2×

(
310

500

)2 exp
(
310
500

)[
exp

(
310
500

)
− 1
]2 + 3×

(
450

500

)2 exp
(
450
500

)[
exp

(
400
500

)
− 1
]2+



(
660

500

)2 exp
(
660
500

)[
exp

(
660
500

)
− 1
]2 + 3×

(
1120

500

)2 exp
(
1120
500

)[
exp

(
1120
500

)
− 1
]2} = 63, 33 J/K



CV = CV t + CV r + CV ν = 12, 47 + 12, 47 + 63, 33 = 88, 27 J/K



200◦



∆E = Ep − Es = 2EI − EI2



EI2



EI



e



2× 3
2RT



3
2RT



RT



RΘν

2 + RΘν

exp(Θν
T )−1



−RT



−RΘν

2 − RΘν

exp(Θν
T )−1



∆E =
1

2
RT − RΘν

2
− RΘν

exp
(
Θν

T

)
− 1

+De =
1

2
RT − RΘν

exp
(
Θν

T

)
− 1

+D◦



T = 200 + 273 = 473



∆E = 0, 5× 8, 3145× 473− 8, 3145× 308

exp
(
308
473

)
− 1

+ 35, 6× 4184 =



1, 97− 2, 79 + 148, 95 = 148, 1 kJ = 35, 4 kcal



∆Et = 1, 5× 8, 3145× 473 = 5, 9 kJ



∆Er = −8, 3145× 473 = −3, 9 kJ



∆Eν = −8, 3145× 308

2
− 8, 3145× 308

exp
(
308
473

)
− 1

= −4, 1 kJ



∆Ee = 35, 6× 4184 +
8, 3145× 308

2
= 150, 2 kJ = 35, 6 kcal



D◦ = 82, 4



Et = 3, 7



Er = 2, 5



Eν = 13, 6



Ee = −358, 3



E = −338.6



CV t = 12, 47



CV r = 8, 31



CV ν = 0, 02



DH2O
◦ = 219, 3



ΘH2O
ν1



ΘH2O
ν2



ΘH2O
ν3



Et = Er = 5, 0



Eν = 53, 3



Ee = −970, 8



E = −907, 5



CV t = CV r = 12, 47



CV e = 0



CV ν = 0, 90



CV = 25, 84



D◦ = 17, 3



∆E = − 1
2RT + RΘν

2 + RΘν

exp(Θν
T )−1

−D◦



∆E(1157 K) = −68, 5



t = 1000◦



DH2
◦ = 103, 2



ΘH2
ν



DO2
◦ = 118



ΘO2
ν



∆E = − 3
2RT + 2R

 Θ
H2O
ν1

exp

(
Θ

H2O
ν1
T

)
−1

+
Θ

H2O
ν2

exp

(
Θ

H2O
ν2
T

)
−1

+
Θ

H2O
ν3

exp

(
Θ

H2O
ν3
T

)
−1

−



−R

 2ΘH2
ν

exp

(
Θ

H2
ν
T

)
−1

− ΘO2
ν

exp

(
Θ

O2
ν
T

)
−1

−



(
2DH2O

◦ − 2DH2
◦ −DO2

◦
)



∆E(1273 K) = −116, 6



k = 5, 5× 105



∆E ≈
(√

3− 1− 1/
√
2
)
RΘH2

ν /2 = 644, 5



νA



νB



νC



νD



λ = −∆NA

νA
= −∆NB

νB
= . . .

∆NC

νC
=

∆ND

νD
= . . .



∆NA = −λνA



∆NB = −λνB



...



∆NC = λνC



∆ND = λνD



νH2
= 1



νI2 = 1



νHI = 2



∆nH2
= −λ



∆nI2 = −λ



∆nHI = 2λ



dF =

(
∂F

∂T

)
dT +

(
∂F

∂V

)
dV+



(
∂F

∂NA

)
dNA +

(
∂F

∂NB

)
dNB + . . .+

(
∂F

∂NC

)
dNC +

(
∂F

∂ND

)
dND + . . . =



−SdT + pdV + µAdNA + µBdNB + . . .+ µCdNC + µDdND + . . . = 0



µX



dT = 0



dV = 0



µAdNA + µBdNB + . . .+ µCdNC + µDdND + . . . = 0



dλ



(−νAµA − νBµB − . . .+ νCµC + νDµD + . . .)dλ = 0



νAµA + νBµB + . . . = νCµC + νDµD + . . .



µX = −kBT
(
∂ lnQX

∂NX

)



QX(NX , V, T ) =
qN

N !
= [q′(T )]N

V N

N !
≈ [q′(T )]N

V NeN

NN



µX = −kBT
∂

∂N
(N ln q′ +N lnV +N −N lnN) = −kBT ln q′ + kBT ln

N

V



q′



N/V



kBT (νC ln q′C + νD ln q′D + . . .− νA ln q′A − νB ln q′B − . . .) =



kBT

(
νC ln

NC

V
+ νC ln

ND

V
+ . . .− νA ln

NA

V
− νB ln

NB

V
− . . .

)



kBT



ρX =
NX

V



ρX



K(T ) =
[q′C ]

νC [q′D]νD . . .

[q′A]
νA [′B ]

νB . . .
=
ρνC

C ρνD

D . . .

ρνA

A ρνB

B . . .



K(T )



KC



Kp



KC =
[q′C ]

νC [q′D]νD . . .

[q′A]
νA [q′B ]

νB . . .
NνA+νB+...−νC−νD−...

A =
CνC

C CνD

D . . .

CνA

A CνB

B . . .



Kp =
[q′C ]

νC [q′D]νD . . .

[q′A]
νA [′B ]

νB . . .
kBT

νC+νD+...−νA−νB−... =
pνC

C pνD

D . . .

pνA

A pνB

B . . .



CX = ρX/NA



pX = kBTρX



T = 900, 1000, 1100



1200



Kp(900 K) = 1, 32 atm−1



Kp(1000 K) = 0, 47 atm−1



Kp(1100 K) = 0, 21 atm−1



Kp(1200 K) = 0, 10 atm−1



Θν = 229



Θr = 0, 221



⇀↽



Kp =
pNa2

p2Na

=
qNa2

/V

(qNa/V )2
(kBT )

1−2 =
qNa2

/V

(qNa/V )2
(kBT )

−1



qNa2
/V



qNa/V



qNa2
/V =

(
2πmNa2kBT

h2

) 3
2 T

2ΘNa2
r

[
exp

(
ΘNa2

ν

T

)
− 1

]−1

exp

(
DNa2

◦
kBT

)



qNa/V =

(
2πmNakBT

h2

) 3
2

ωNa
◦ = 2

(
2πmNakBT

h2

) 3
2



ωNa
◦



Kp =

(
2πmNa2

kBT

h2

) 3
2 T

2Θ
Na2
r

[
exp

(
ΘNa2

ν

T

)
− 1
]−1

exp
(

D
Na2
◦

kBT

)
[
2
(
2πmNakBT

h2

) 3
2

]2 (kBT )
−1 =



1

8

h3

kB
5
2ΘNa2

r

m
3
2

Na2

m3
Na

T− 3
2

[
exp

(
ΘNa2

ν

T

)
− 1

]−1

exp

(
DNa2

◦
kBT

)



mNa



mNa2



DNa2
◦ /kB



mNa =
23

1000× 6, 022× 1023
= 3, 8193× 10−26 kg



mNa2
= 2mNa = 7, 6387× 10−26 kg



DNa2
◦
kB

=
17, 3× 4184

8, 3145
= 8706 K



Kp =
1

8
×

(
6, 626× 10−34

)3
(2× 3, 14159)

3
2 × (1, 381× 10−23)

5
2 0, 221

×



(7, 6387× 10−26)
3
2

(3, 8193× 10−26)3
T− 3

2

[
1− exp

(
−229

T

)]−1

exp

(
8706

T

)
=



5, 586× 10−6 exp
(
8706
T

)
T

3
2

[
1− exp

(
− 229

T

)]



Kp =
0, 5660 exp

(
8706
T

)
T

3
2

[
1− exp

(
− 229

T

)]



Kp(900 K) = 1, 48 atm−1



Kp(1000 K) = 0, 53 atm−1



Kp(1100 K) = 0, 23 atm−1



Kp(1100 K) = 0, 11 atm−1
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T = 195



K(195 K) = 2, 92



K(273 K) = 3, 24



K(298 K) = 3, 28



K(383 K) = 3, 50



K(670 K) = 3, 8



Θ
1H2
ν = 6215



K =
(qHD/V )

2

(qH2
/V ) (qD2

/V )
=



(
2πmHDkBT

h2

)3 (ΘHD
r

T

)2 exp

(
−ΘHD

ν
T

)
[
1−exp

(
−ΘHD

ν
T

)]2 exp( 2De

kBT

)
(

2πmH2
kBT

h2

) 3
2 Θ

H2
r

2T

exp

(
−Θ

H2
ν
2T

)
1−exp

(
−Θ

H2
ν
T

) exp
(

De

kBT

)(
2πmD2

kBT

h2

) 3
2 Θ

D2
r

2T

exp

(
−Θ

D2
ν
2T

)
1−exp

(
−Θ

D2
ν
T

) exp
(

De

kBT

) =



m3
HD

(mH2
mD2

)
3
2

4ΘH2
r ΘD2

r

(ΘHD
r )

2

[
1− exp

(
−ΘHD

ν

T

)]2
[
1− exp

(
−Θ

H2
ν

T

)]
×
[
1− exp

(
−Θ

D2
ν

T

)] exp(2ΘHD
ν −ΘH2

ν −ΘD2
ν

2T

)



mH2 = 2 g/mol, mD2 = 4 g/mol, mHD = 3 g/mol



µH2
=

1× 1

1 + 1
=

1

2
g/mol, µD2

=
2× 2

2 + 2
= 1 g/mol, µHD =

1× 2

1 + 2
=

2

3
g/mol



m3
HD

(mH2
mD2

)
3
2

=
33

2
3
2 4

3
2

=
27

16
√
2
≈ 1, 1932



ΘH2
r ΘD2

r

(ΘHD
r )

2 =
I2HD

IH2
ID2

=
µ2
HD

µH2
µD2

=

(
2
3

)2
1
2 × 1

=
8

9
≈ 0, 8889



Θr = h2

8π2IkB



I = µd2



ΘD2
ν =

√
µH2

µD2

ΘH2
ν =

1√
2
ΘH2

ν = 4395 K



ΘHD
ν =

√
µH2

µHD
ΘH2

ν =
3√
2× 2

ΘH2
ν = 5382 K



K = 4, 24×
[
1− exp

(
− 6215

T

)] [
1− exp

(
− 4395

T

)][
1− exp

(
− 5382

T

)]2 exp

(
−77, 5

T

)
≈



4, 24× exp

(
−77, 5

T

)



K(195 K) = 2, 85



K(273 K) = 3, 19



K(298 K) = 3, 27



K(383 K) = 3, 46



K(670 K) = 3, 78



H2



ln(K) = f(1000/T )
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Θν = 133



Θr = 0, 081



D◦ = 15, 8



T = 872



973



1073



1173



1273



Θν = 308



Θr = 0, 0537



1, 81× 10−4



1, 801× 10−3



σK



0, 19× 10−4



0, 060× 10−3



ΘHCl
ν = 4227



ΘHBr
ν = 3787
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Θ
14N2
ν = 3374



T = 465◦



T = 500◦



◦


